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Introduction

® In high-risk domains, e.g. medicine, decision makers may hesitate to rely on
the black-box decision support systems without understanding the rationale
behind the recommendations.

® Goal: Developing an inferential framework to assess variable importance for
heterogeneous treatment effects.

® The variable importance measures we consider are local in that they may differ
across individuals, while the inference is global in that it tests whether a given
variable is important for any individual.
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Problem Setting

® Let X :=(Xy,...,Xy) be sufficient for confounding adjustment of a binary
treatment A on outcome Y.

® The conditional average treatment effect (CATE) is
E(Y!' - Y%X;=x;:j€9) (1)

where Y? is the potential outcome under treatment A = a, for a= 0,1, and
SC[d] ={1,...,d} is a subset of indices.

® Under causal assumptions it can be identified as
v(P,5)(x) = p1(P, S)(x) — po(P, S)(x) (2)

where 15(P, S)(x) = Ep{Ep(Y|A=a,X = x)|X; = x;: j € S}.
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How to quantify the variable importance for CATE?
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Leave-Out-Covariates (LOCQO) variable importance measure
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Leave-Out-Covariates (LOCO) variable importance measure

Leave-out-covariates (LOCO) variable importance measure for CATE:

(P, S)(x) = w(P, SU{i})(xsugiy) — v(P; S)(xs). (3)
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Leave-Out-Covariates (LOCO) variable importance measure

Leave-out-covariates (LOCO) variable importance measure for CATE:

(P, S)(x) = w(P, SU{i})(xsugiy) — v(P; S)(xs). (3)

o Let S = [d]\{i}, then ~;(P,S) is leave-one-out (LOO) variable importance
measure.

e Let S =), then 7;(P, S) is keep-one-in (KOI) variable importance measure.
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Wald-type test of null hypothesis of zero-importance

Test the null hypothesis of
zero-importance of it" feature

Ho: 7i(Po,S) =0 P-as.
against the alternative

Ha: Not Hp.
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Wald-type test of null hypothesis of zero-importance

® Proposal:

Consider test statistic ||yi(P, S)||f2(P)
Test the null hypothesis of

zero-importance of it" feature ® Problem:

2 .
Ho: 7i(Po,S) =0 P-as. Under Ho the EIF of ||7i(P, S)|[72(p) is O

Higher-order parameter expansion needed to

against the alternative )
develop valid tests.

Ha: Not Hp.
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Wald-type test of null hypothesis of zero-importance

® Proposal:

Consider test statistic ||yi(P, S)||f2(P)
Test the null hypothesis of

zero-importance of it" feature ® Problem:

2 .
Ho: 7i(Po,S) =0 P-as. Under Ho the EIF of ||7i(P, S)|[72(p) is O

against the alternative Higher-order parameter .expansion needed to
develop valid tests.
Ha: Not Hp.
¢ Solution:
Reproducing Kernel Hilbert Space (RKHS)

embedding
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RKHS embedding

For a symmetric, continuous positive semi-definite kernel function : X x X — R, we
can define

) = /IC( x")f(x")Px(dx") (4)

2 5]
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RKHS embedding

For a symmetric, continuous positive semi-definite kernel function : X x X — R, we
can define

) = /IC( x")f(x")Px(dx") (4)

2 5]
O_\/\/ )
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RKHS embedding is injective for an appropriate choice of the kernel.
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RKHS embedding of the LOCO variable importance measure

RKHS embedding of the LOCO variable importance measure:

(P50 = [ Kol x (P, S)(x )P (). (5)
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RKHS embedding of the LOCO variable importance measure

RKHS embedding of the LOCO variable importance measure:

(P S)0x) = [ KX )P, S)(x')Px(e).

RKHS embedding of CATE is pathwise differentiable and has EIF

4
RKHS embedding of the LOCO variable importance measure

is pathwise differentiable and has EIF
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One-step estimator and weak convergence result

The one-step estimator of the RKHS embedding of the LOCO:

A 17
~IC . K S
As() = (P, S)) + = D6 () (6)
v ] ; n i=1
One-step estimator Plug-in estimator
Bias correction
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One-step estimator and weak convergence result

The one-step estimator of the RKHS embedding of the LOCO
As() = (P, S)() + = Z¢>5 (6)
—_———

——
One-step estimator Plug-in estimator _ _
Bias correction

We have the following weak convergence result:
1/2 [’71 s — i (P0>5)] a HSa (7)

where Hs is a Hilbert-valued Gaussian random variable, s.t. for each h € H,

<H57 h>7—£ ~N <0a Eo [<¢3(Y, A, X)a h>%—[:|)
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Wald-type test for RKHS embedding
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Wald-type test for RKHS embedding
® Equivalent test of zero-importance

o |

W (Po,9)|,, =0

against the alternative
Hy: ‘

W (Po,5)||,, # 0.
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® One rejects the null hypothesis, if
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K §
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where £ is (1 — a)-quantile of ”HS||'2H obtained via bootstrap.
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Wald-type test for RKHS embedding

® Equivalent test of zero-importance

Hoi ) ’V;C(Po, S)HH =0
against the alternative
Ha: [ (Po, S)HH £ 0.
® One rejects the null hypothesis, if
e 3
’YI’SH’H > n )

where £ is (1 — a)-quantile of ”HS||'2H obtained via bootstrap.

® This test asymptotically controls type | error at level .

® |t has asymptotically non-zero power against local alternatives
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Limitations of the LOCO

® If Xj and Xj, for j € S, are highly correlated, then ~; (Po, S) will typically be
close to 0, potentially underestimating the importance of X;.
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® If Xj and Xj, for j € S, are highly correlated, then ~; (Po, S) will typically be
close to 0, potentially underestimating the importance of X;.

® LOCO does not capture interaction effects well. A variable might appear
unimportant alone but be crucial in interaction with another feature.

® The definition of LOCO relies on an arbitrary choice of the subset S.
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Cooperative game theory

Cooperative game theory aims to distribute the payout among a group of
cooperative players in a fair manner.

Source: https://bernard-mlab.com/post/mta-sharpley-value/
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Shapley values

Shapley value of it feature for CATE:

~1
Ci(P)(x) = %Sg[dz]\{i} <d|;|1> {I/(P; SU{it)(xsugiy) — v(P; 5)(X5)} (8)

ED-ye] ED-yeix,J ED-v2 x,] ED-yeIX.]
A

ED-YIXNe]  ENV-YIXx] EDV-YelXs X ]

A A i
A, Z a5\ {5

Source: https://bernard-mlab.com/post/mta-sharpley-value/
13191



Simulations

(a) Null (b) Smooth alternatives (c) Rough alternatives
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Discussion

® We present an inferential framework for evaluating variable importance for
heterogeneous treatment effects.

® We provide efficient estimator of this measure together with corresponding
confidence bands, and introduce a Wald-type test to assess the null
hypothesis of zero-importance.

® QOur approach focuses on local variable importance measures that vary among
individuals, coupled with global inference that assesses the overall significance of
a variable across all individuals.
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eScience Institute

ADVANCING DATA-INTENSIVE DISCOVERY IN ALL FIELDS

Mathematical Sciences

- )
’ ‘ Pacific Institute jor the

17 1 21



Appendix



Efficient influence function

The efficient influence function for v (P, S) is

65 (r,0,%) () =

[EP {le/ ) [ Xsugiy = Xsugi }} Ep {Cxr (X) [ Xs = XS}] {ﬁ

+ [Kur (%) = Bp {Kur (X) | Xsugiy = xsugiy }] Ep {1p1 (X) = 1o (X) | Xsugiy = xsugiy
— Ky () = Ep {Kr (X) | Xs = x5} Ep { P2 (X) — 0 (X) | Xs = x5 }
(EP [’C (X 7X) Ep {MP,l (X) = upo(X) |X5u{:}}] [’C (X ,X) Ep {MP,l (X) = upo (X) \XSH)
VR PS))

{y—wpa ()} +1p1(x) = o (X)}
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Confidence interval

A confidence interval for ‘

K (Po,S)|),, is given by

H%Cs ’H +£/&/n.

This is justified by the reverse triangle inequality and the fact that the spherical
confidence set is asymptotically valid, since

with probability tending to (1 — «).
The presented confidence interval is asymptotically non-conservative in the special case
where ’y,lc (Po,S) =0, but presumably will otherwise be conservative.

i 2K (P, 9)||,, < VE/m

ﬁ/’l’CSHH B H’V’K(PO’S)HH’ = ’
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General variable importance estimand

® For a vector of weights w = {ws : S C [d]}, the general variable importance
estimand is defined as follows:

0.,(P)(x) = Z wsv(P; S)(x).

SCld]

® The parameter ;(P, S) is a special case of 0,(P) with ws (i3 =1 and ws = —1.

® The parameter (;(P) is a special case of 6,(P) with ws i} = %(d'al)_l

ws = ~3(45h) ", for S C [d]\ {i}.

and
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